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Abstract
Some exact static solutions of the SU(2) Yang-Mills-Higgs theory are presented.
These solutions satisfy the first order Bogomol’nyi equations, and possess infinite
energies. They are axially symmetric and could possibly represent monopoles and
an antimonopole sitting on the z-axis.
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1 INTRODUCTION
The theory of the SU(2) Yang-Mills-Higgs field is a well known subject with a large spec-
trum of literature written on it. The theory became of interest when ’t Hooft [1] and
Polykov [2] discovered the monopole solution in the mid-seventies. Much work had been
done on this subject since then. This field theory, with the Higgs field in the adjoint rep-
resentation, has been shown to possess both the magnetic monopole and multimonopole
solutions. Solutions of a unit magnetic charge are spherically symmetric [1] - [5], whereas
multimonopole solutions possess at most axial symmetry [7] - [10]. Asymmetric multi-
monopole solutions are also shown to exist [11].
In the limit of vanishing Higgs potential, monopole and multimonopole solutions had
been shown to exist which satisfy the first order Bogomol’nyi equations [12] as well as
the second order Euler-Lagrange equations. The solutions satisfying this condition which
is sometimes known as the Bogomol’nyi condition [12], [13] or the Bogomol’nyi-Prasad-
Sommerfield (BPS) limit [4], have minimal energies, saturating precisely the Bogomol’nyi
bound.
Exact monopole and multimonopole solutions satisfying the BPS limit are known [4],
[8] - [10]. However, only numerical monopole [2], [5] and axially symmetric multimonopole
[14] solutions are known when the Higgs potential is finite. Asymmetric multimonopole
solutions are only known numerically even in the BPS limit [11]. Numerical axially sym-
metric monopole-antimonopole solutions which do not satisfy the Bogomol’nyi condition
are recently shown to exist [15]. These non-Bogomol’nyi solutions exist both in the limit
of a vanishing Higgs potential as well as in the presence of a finite Higgs potential.
In this work, we examined the SU(2) Yang-Mills-Higgs theory when the Higgs potential
vanishes. In fact the scalar field here is taken to have no mass or self-interaction. We
found that the SU(2) Yang-Mills-Higgs theory do possess a whole family of static solutions
which are both exact as well as partially exact. These solutions satisfy the first order
Bogomol’nyi equations and possess infinite energies. They are axially symmetric and
could possibly represent monopoles and an antimonopole sitting on the z-axis.
We briefly review the SU(2) Yang-Mills-Higgs theory in the next section. We present
some of our exact solutions in section 3. In section 4, we give a discussion on the magnetic
flux of one of the exact solutions. We end with some comments on our present work and
the future work that can be done in the final section.
2 SU(2) YANG-MILLS-HIGGS THEORY
The SU(2) Yang-Mills-Higgs Lagrangian in 3+1 dimensions is
L = −1
4
F aµνF
aµν +
1
2
DµΦaDµΦ
a − 1
4
β(ΦaΦa − m
2
β
)2, (1)
where m is the Higgs field mass, and β the strength of the Higgs potential, are constants.
The vacuum expectation value of the Higgs field is then m√
β
. The covariant derivative of
the Higgs field is
DµΦ
a = ∂µΦa + ǫabcAbµΦ
c, (2)
2
and Aaµ is the gauge potential. The gauge field strength tensor is
F aµν = ∂µA
a
ν − ∂νAaµ + ǫabcAbµAcν . (3)
The gauge field coupling constant g is set to one and the metric used is gµν = (−+++).
The SU(2) group indices a, b, c run from 1 to 3 and the spatial indices µ, ν, α = 0, 1, 2,
and 3 in Minkowski space.
The equations of motion that follow from the Lagrangian (1) are
DµF aµν = ∂µF
a
µν + ǫ
abcAbµF cµν = ǫ
abcΦbDνΦ
c, (4)
and
DµDµΦ
a = −βΦa(ΦbΦb − m
2
β
). (5)
The conserved energy of the system which is obtained from the Lagrangian (1) as
usual, reduces for the static solutions with Aa0 = 0, to
E =
∫
d3x
(
1
4
F aijF
aij +
1
2
DiΦ
aDiΦa +
1
4
β(ΦaΦa − m
2
β
)2
)
. (6)
Here we use the indices i, j, k to run from 1, 2, and 3 in three space.
’t Hooft proposed that the tensor,
Fµν = ∂µAν − ∂νAµ − ǫabcΦˆa∂µΦˆb∂νΦˆc, (7)
where Aµ = Φˆ
aAaµ, the unit vector Φˆ
a = Φ
a
|Φ|
and the Higgs field magnitude |Φ| = √ΦaΦa,
be identified with the electromagnetic field tensor. The abelian electric field is Ei = F0i,
and the abelian magnetic field is Bi = −12ǫijkFij . The topological magnetic current kµ
[16] is defined to be
kµ =
1
8π
ǫµνρσ ǫabc ∂
νΦa ∂ρΦb ∂σΦc, (8)
and the corresponding conserved magnetic charge is
M =
∫
d3xk0 =
1
8π
∫
ǫijkǫ
abc∂i
(
Φˆa∂jΦˆ
b∂kΦˆ
c
)
d3x
=
1
8π
∮
d2σi
(
ǫijkǫ
abcΦˆa∂jΦˆ
b∂kΦˆ
c
)
=
1
4π
∮
d2σi Bi. (9)
3
3 THE EXACT SOLUTIONS
We use the static axially symmetric purely magnetic ansatz [15], with gauge fields given
by
Aaµ =
1
r
R1φˆ
arˆµ − 1
r
R2rˆ
aφˆµ +
1
r
(1− τ1)φˆaθˆµ − 1
r
(1− τ2)θˆaφˆµ, (10)
and the Higgs field given by
Φa = Φ1 rˆ
a + Φ2 θˆ
a. (11)
Simplifying the above ansatz (10) to R1 = R2 = R(θ) and τ1 = τ2 = τ(r), leads to the
gauge field strength,
Fµν =
(
θˆa(
1
r2
Rτ) + rˆa(
1
r2
R˙ +
1
r2
R cot θ +
1
r2
(τ 2 − 1))
)
(φˆµθˆν − φˆν θˆµ)
+
(
θˆa(
1
r
τ ′ +
1
r2
R cot θ +
1
r2
R2) + rˆa(
1
r2
Rτ)
)
(rˆµφˆν − rˆνφˆµ)
−φˆa
(
1
r
τ ′ +
1
r2
R˙
)
(rˆµθˆν − rˆν θˆµ), (12)
and the covariant derivative of the Higgs field to
DµΦ
a = φˆaφˆµ
(
1
r
Φ2 cot θ +
1
r
RΦ2 +
1
r
τΦ1
)
+θˆaθˆµ
(
1
r
Φ˙2 +
1
r
τΦ1
)
+ rˆarˆµ
(
Φ′1 +
1
r
RΦ2
)
+θˆarˆµ
(
Φ′2 −
1
r
RΦ1
)
+ rˆaθˆµ
(
1
r
Φ˙1 − 1
r
τΦ2
)
. (13)
Prime means ∂
∂r
and dot means ∂
∂θ
. By allowing the Higgs field to be Φ1 =
1
r
ψ(r) and
Φ2 =
1
r
R(θ), where ψ(r) = τ(r)−1, the equations of motion (4) and (5) can be simplified
to just two coupled ordinary differential equations,
(
−r2ψ′′ + 2ψ(ψ + 1)2
)
+ 2(R˙ +R cot θ +R2)(1 + ψ) = 0, (14)
(
R¨ + R˙ cot θ −R(1 + cot2 θ)− 2R2 cot θ − 2R3
)
+2(rψ′ + ψ(1 + ψ))R = 0. (15)
Equations (14) and (15) can further be reduced to just two ordinary differential equa-
tions of first order,
rψ′ + ψ + ψ2 = −p, (16)
4
R˙ +R cot θ +R2 = p, (17)
where p is an arbitary constant. Equation (16) is exactly solvable for all values of p.
However equation (17) is only exactly solvable when p takes the value 0 and -2. For other
values of p, equation (17) can only be numerically solved. Equations (16) and (17) are
first order differential equations and they are found to satisfy the Bogomol’nyi first order
equations , that is,
Bai = DiΦ
a. (18)
In this paper, we would like to focus only on the exact solution when p = −2. In this
case, the exact solution to equation (16) is
ψ =
c1r
α(α− 1)− (α + 1)
2(c1rα + 1)
, α =
√
(1− 4p), p < 1
4
; (19)
=
(
c1r
3 − 2
c1r3 + 1
)
, p = −2. (20)
When p = −2, equation (17) has a particular solution,
R = R(1) = − tan θ, (21)
Hence equation (17) can be reduced to the Bernoulli equation [16], once a particular
solution is known. Upon solving the resulting Bernoulli equation, we obtained the second
exact solution,
R = R(2) = − tan θ +
(
sin θ cos2 θ
(
c2 +
1
cos θ
+ ln tan
θ
2
))−1
. (22)
In solutions (20) and (22), c1 and c2 are arbitrary constants, and solution R(2) is more
singular than solution R(1).
The solutions (20) and (21) lead to the exact gauge fields,
Aµ = A
a
(1)µ + A
a
(2)µ;
Aa(1)µ =
1
r
tan θ(rˆaφˆµ − φˆarˆµ),
Aa(2)µ =
1
r
(
r3 − 2
r3 + 1
)
(θˆaφˆµ − φˆaθˆµ), (23)
where the integration constant c1 is set to one. When r tends to infinity, the gauge
potentials (23) do not tend to a pure gauge, and when r approaches zero, only Aa(2)µ tends
to a pure gauge but not Aa(1)µ. The energy of the system which is given by
E =
∫
d3x (Bai B
a
i ) , (24)
5
is not finite at the point r = 0 and along the plane z = 0.
It is noted that with the ansatz (10) and (11), Aµ = Φˆ
aAaµ = 0. Hence the abelian
electric field is zero and the abelian magnetic field is independent of the gauge fields (23),
Bi =
1
2
ǫijk ǫ
abc Φˆa ∂jΦˆ
b ∂kΦˆ
c
=
(
ψ +R cot θ
r2
)(
ψR˙
ψ2 +R2
)
rˆi +
(
ψ +R cot θ
r2
)(
rψ′R
ψ2 +R2
)
θˆi
= Brrˆi +Bθθˆi;
Br =
9 ((r3 − 2)− (r3 + 1) tan2 θ)
r2 ((r3 − 2)2 + (r3 + 1)2 tan2 θ)3/2
,
Bθ =
27r tan θ
((r3 − 2)2 + (r3 + 1)2 tan2 θ)3/2
. (25)
4 THE MAGNETIC FLUX
We would like to define the abelian field magnetic flux as
Ω = 4πM =
∮
d2σiBi
= 2π
∫
Bi(r
2 sin θdθ)rˆi. (26)
where M is the magnetic charge. We would also like to rewrite the Higgs field of equation
(11) from the spherical coordinate system to the cylinderical coordinate system [15],
Φa = Φ1 rˆ
a + Φ2 θˆ
a,
= Φ˜1 ρˆ
a + Φ˜2 δ
a3, (27)
where
Φ˜1 = Φ1 sin θ + Φ2 cos θ = |Φ| cosα
Φ˜2 = Φ1 cos θ − Φ2 sin θ = |Φ| sinα. (28)
Hence sinα can be calculated and shown to be
sinα =
(r3 − 2) cos θ + (r3 + 1) sin θ tan θ√
(r3 − 2)2 + (r3 + 1)2 tan2 θ
. (29)
From equations (27) and (28), the unit vector of the Higgs field becomes
Φˆa = cosα ρˆa + sinα δa3, (30)
6
and the abelian magnetic field can be written in the form
Bi = − 1
ρr
∂
∂θ
(sinα) rˆi +
1
ρ
∂
∂r
(sinα) θˆi. (31)
Hence we can write the magnetic charge as
M = −1
2
sinα|pi0,r , (32)
and show that the magnetic charge enclosed in the upper hemisphere and the lower
hemisphere is one each and the magnetic charge at the origin is negative one. Therefore
the system carries a net magnetic charge of one.
5 COMMENTS
1. The exact magnetic solutions (20) and (21) have been shown to represent two monopoles
and an antimonopole sitting on the z-axis, with the antimonopole at the origin and the
two monopoles at z = ± 3
√
2
c1
. The positions of the monopoles can be varied by changing
the value of the parameter c1 in equation (20) but the antimonopole’s position is fixed at
the origin. A plot of the magnetic flux lines for the monopoles-antimonopole configuration
is given in figure (1) when c1 is equal to one.
2. In these exact solutions, the magnitude of the Higgs field ,
|Φ| = 1
r
√
ψ2 +R2 =
1
r
√√√√(r3 − 2
r3 + 1
)2
+ tan2 θ, (33)
is zero at (r = 3
√
2, θ = 0) and (r = 3
√
2, θ = π) and these two zeros correspond to the
positions of the two monopoles of charge one each. The singularity at r = 0 of the Higgs
field corresponds to the antimonopole of charge negative one.
The energy density of the abelian magnetic field (25), E = 1
2
BiB
i, are concentrated
at the origin r = 0, and along the z axis at z = ± 3√2, that is at the points where the
antimonopole and the two monopoles are located. A plot of energy density E versus ρ
and z is shown in figure (2).
3. When the parameter p = −2, we can have two exact solutions for R(θ), that equations
(21) and (22) but only one exact solution (20) of ψ(r). The two different combinations
of solutions represent different physical configurations. Since the solutions with ψ(r) and
R2(θ) are more singular than the solutions with ψ(r) and R1(θ), we choose not to discuss
it in this paper but in later work.
4. The next exact solutions that we can obtain with the ansatz (10) and (11) are when
p = 0,
ψ0 =
1
(c3r − 1) ,
R0 =
1
(c4 sin θ + sin θ ln tan
θ
2
)
, (34)
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where c3 and c4 are arbitrary constants. In this case we notice that (ψ0, R = 0) and
(ψ = 0, R0) are also solutions of the equations of motion (4) and (5). Hence we can
linear superposed these two sets of solutions to get the solutions (ψ0, R0) of equation (34).
Therefore linear superposition of nonlinear solutions is possible, when p = 0, to get more
nonlinear solutions.
5. Only numerical solutions can be obtained for R(θ), when p takes value other than 0
and -2. These numerical solutions are zero at θ = π and positively singular at θ = 0 for
negative values of p and negatively singular for positive values of p. Hence the possible
zeros of the Higgs field lie on the negative z-axis.
6. The solutions ψ(r) for equation (16) are exact for all values of p. For values of p < 1
4
the exact solutions ψ(r) are smooth and regular. When p = 1
4
, ψ(r) has two zeros; when
p = 0, ψ(r) has no zeros expect at infinity; and when p < 0, ψ(r) has only one zero.
However when p > 1
4
, ψ(r) has an infinite number of zeros and are singular. A plot the
solutions of ψ(r) for different values of p ≤ 1
4
is shown in figure (3).
7. Further study of all the solutions mentioned in this paper, with different values of the
parameter p is on the way and will be given in later work.
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7 FIGURE CAPTIONS
Figure 1: A two dimensional vector plot of the abelian magnetic flux versus ρ and z.
Figure 2: A plot of the energy density E versus ρ and z.
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Figure 3: A plot of the solution ψ(r) versus r for (1) p = 1
4
, (2) p = 0, (3) p = −3
4
, (4)
p = −2, (5) p = −15
4
and (6) p = −6 when the integration constant is set to unity.
11
00.5
1
1.5
2
rho
-3-2
-10
12
3
z
0
20000
40000
60000
80000
100000
120000
140000
160000
180000
-1.5
-1
-0.5
0
0.5
1
1.5
z
0.5 1 1.5 2
rho
psi(r) (6)
(5)
(4)
(3)
(2)
(1)
-3
-2
-1
0
1
2
2 4 6 8 10
r
